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Fig. 3 Shock velocity t/sh and position Xsh vs time.

Conclusions
This analysis gives a qualitative insight on the nature of

unsteady transonic nozzle flow without resorting to the more
complicated numerical solutions of transport equations. It
was done employing the same technique Richey and Adam-
son1 applied to channel flows, and it also can be used to study
two-dimension asymmetric flows. It should be noted that this
approach is for flows across nozzles displaying a smooth
change in cross section. Further, the applied perturbation
should not possess a very high frequency since the adopted
solution deals with slow time variation regimes. This leads to
the choice of a characteristic time of the order of 10~2-10"3 s.
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supersonic regions and shock. A numerical analysis is also
needed to complement wind-tunnel tests, when tunnel-wall
interference may induce large deviations from free-air condi-
tions even for very small blockage ratios. The efficiency of the
numerical approach in analyzing the bulbous shape geometri-
cal configuration is directly related to the applicability of
irregular computational grids.

Numerical solution of steady, inviscid, and axisymmetric
transonic flow over blunt and boat-tail configurations has
been obtained using the finite-difference method by several
researchers1'4 during the last few years. During these investiga-
tions, the importance of computational grid, effect of artifi-
cial viscosity, and relaxation factor in the computation of
transonic flow was observed. Application of the finite-element
method for the analysis of two-dimensional inviscid transonic
flow problem has been considered by several investigators.5'7
One of the main advantages of the finite-element approach
has been practicability of setting an irregular computational
grid to fit a particular flow problem. This property therefore
proves to be important for the solution of transonic flow over
a bulbous payload shroud of a typical launch vehicle. The
finite-element method has been applied by Chima and Ger-
hart8 to the solution of subsonic flow over a boat-tail body.

The present work uses a mesh of triangular finite elements.
This is chosen because it enables a large number of small
elements to be packed into the regions of greatest interest such
as in the vicinity of blunt body and boat-tail regions. The
importance of designing a computational grid suitable for
both subsonic regions and supersonic pockets to obtain accu-
rate and efficient solution has been investigated in the present
analysis. A shock-capturing technique is employed in conjunc-
tion with the pseudotime integration scheme.9 The choice of
artificial viscosity, relaxation factors, and design of a compu-
tational grid is investigated. It will be demonstrated that the
finite-element method is a practical and efficient tool in treat-
ing complex flow problems. Comparisons between analysis
and experiment have been made for two different types of
axisymmetric geometry of bulbous payload shroud.

Full Potential Equations
The full potential equation for steady, inviscid, and irrota-

tional flow in a conservation form for an axisymmetric body
can be written as

= 0 on v (1)
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where <£ is the velocity potential, v the solution domain, and p
the mass density of the fluid. Since no entropy can be created
in irrotational flow, the density can be computed using the
isentropic relation. Equation (1) is second-order quasilinear of
elliptic type in subsonic, parabolic type in sonic, and hyper-
bolic type in supersonic points of flow.

The boundary condition at the solid surface is that the
velocity normal to the surface equal to zero. At the down-
stream boundary of the computational field, the potential
function </> is specified. The boundary conditions on the far
field on an isolated bulbous payload shroud or body are only
approximate. The correct boundary condition is that the ve-
locities approach to freestream values far from the body. This
boundary condition cannot be satisfied directly for a potential
flow solution in a finite computational domain. The present
far-field boundary conditions are satisfactory provided the
boundaries are located far enough from the body. Locating
the far-field boundaries 10-12 maximum body diameters away
from the body is usually sufficient to insure minor effect of
the boundary condition on the computed flowfield near the
body. If the far-field boundary is so placed, the effect of the
boundary conditions are small and are of the order of or
smaller than other approximations such as treating a bulbous
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pay load shroud as an isolated body. The general boundary
conditions of Eq. (1) can be mathematically written as

on

/>>« =/ on 52

(2)

(3)

where </>0 and / are some specified quantities on the boundary
S = Si + S2 and n is the outward normal on S2.

Finite-Element Formulation
The Bateman's variational formulation9 is employed for a

finite-element formulation of Eqs. (1-3). A discretization in
terms of finite element is introduced to solve the full potential
equation. The interpolation can be expressed for each element
as

<t>e(r,z) = NT<l>e (4)

where <f>e are the nodal values of the velocity potential, and TV
is the shape function. Following the standard finite-element
formulation, a system of nonlinear algebraic equations is ob-
tained in terms of the nodal velocity potential as

(5)

where
f

K = E Per(N,rN,Tr + N,ZN,T,) dv
p J

The solution of these nonlinear equatons is obtained using
pseudounsteady formulation as

(6)

where A/ is a pseudotime increment, and C = (K/u) is the
damping matrix of Eq. (16). Here w is a relaxation factor.
Using a standard backward-differencing scheme, Eq. (16) is
obtained as

with
(7)

(8)

where n is the pseudotime step. The value of w = 0.8-1.2 is
selected in the present analysis. An IMSL subroutine LEQ1PB
is called to solve the matrix equations. Once each value of (f> in
the field has converged to within a specified tolerance, the
matrix iteration is stopped.

The natural procedure of substituting pn
e
 + 1 « p" is entirely

satisfactory in subsonic flow in evaluating Kn+l at time step
n. But in the supersonic flow, the process becomes numerically
unstable, and if there is a patch of supersonic flow covering
more than a very few elements, the results are totally unrealis-
tic. In order to overcome this problem, use is made of "up-
wind densities." For sufficiently streamlined elements and
uniform grids, p" + 1 can be computed as follows

~ Ote)pe (9)

where peu is the mass density of the nearest element at the
upstream side of e, and ae is the artificial viscosity coefficient
for the element.

The role of artificial viscosity is to enable the use of the
finite-element method to solve a mixed elliptic/hyperbolic

Fig. 1 Computational grid for Mil.

Fig. 2 Computational grid for M12.
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Fig. 3 Comparison of pressure coefficient over the Mil.

problem. It performs this feat by adding dissipation into the
differential equation or equivalently by biasing the scheme in
the upstream direction. The amount of artificial viscosity
required for convergence of the pseudotime integration
scheme depends on the local Mach number as well as the
computational grid and the distribution of the error in the
initial solution. One of the most important factors in obtain-
ing the efficiency of the solution procedure has been the choice
of the artificial viscosity distribution. Various types of artifi-
cial viscosity-coefficient expressions10'12 were tested in the pro-
gram, and the following relationship13 for &e is selected:

GL£ = 0.3 + (1 - 1/M2) Me > 1

ae = 0.3 M] exp [ - 2Q(Me - I)2] Me < 1 (10)

where Me is element Mach number. Equation (10) gives conti-
nuity of ae and dae/dMe at Me = 1.0. Numerical results con-



1300 AIAA JOURNAL VOL. 27, NO. 9

Fig. 4 Iso-mach lines for Mil configuration.

O-2 -'

OO

-0-2-

-Q4-

-0-6-

O-5 \ |.Q 1-5 2-O 2JT 3-O 35 4-O

-O8

© EXPERIMENTAL DATA (REF.

— FINITE ELEMENT METHOD
Mw=086

C * =-0-289
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Fig. 6 Iso-mach lines for M12 configuration.

firmed that Eq. (10) is a satisfactory choice of ae for a wide
range of transonic flows. In order to enhance the convergence
of the numerical scheme, a large value of ae is used initially,
which is gradually refined to the value of Eq. (10) as conver-
gence is approached.

A shock-capturing technique is used in the present analysis.
Shocks are free to develop at the element interfaces as discon-
tinuities in the mass flux. This can occur only when an up-
winding is used for a supersonic element neighboring a sub-

sonic element. Because of the convective nature of the flow,
compression shocks are produced automatically.

Results
The primary objective of this work was the development of

an accurate, computationally efficient method for solving the
full potential equation over a bulbous payload shroud. The
geometrical configuration consists of a blunt nosecone cylin-
der-flare cylinder. To assess the accuracy of the method,
comparisons of numerical results with experiment are pre-
sented for two different types of axisymmetric bodies. Figures
1 and 2 depict the discretization of the computational domain
using finite triangular elements.

The first comparison between theory and experiment14 is for
an axisymmetric model tested in a transonic wind tunnel.
Figure 3 presented the pressure distribution Cp at a freestream
Mach number of 0.89. The body shape is shown schematically
below the figure. The body length is nondimensionalized with
respect to maximum body diameter. The finite-element
method took 55 iterations, 348 s of CPU time, and 67 K of
memory of a CDC 170/730 computer to obtain a converged
solution. The comparison between numerical results and ex-
periment is excellent. It reveals that the program appears to be
accurate for predicting an inviscid flowfield. Figure 4 shows
the computed Mach number contours.

The second comparison between theory and experiment15 is
done on another bulbous payload shroud at a freestream
Mach number of 0.86. In this example, the program took 50
iterations, 368 s of CPU time, and 69 K of storage capacity of
a CDC 170/730 computer to get a converged solution. Figures
5 and 6 show the variation of pressure coefficient and iso-
Mach lines, respectively. Overall agreement with experiment is
found to be good. Two regions of embedded supersonic flow
are quite evident, and both are predicted by the theory as it
can be seen in Fig. 6.

Conclusions
The capability, speed, and accuracy of the computational

procedures in this investigation are demonstrated by numeri-
cal examples that are compared with experiment. The finite-el-
ement method for the governing equation and the resulting
computational procedure eliminates many of the difficult
problems associated with numerical analysis of fluid flow. The
correlation between theory and experiment is good consider-
ing the possibilities of wind-tunnel interference and viscous
effects. The computer program is simple and involves no
complicated numerical scheme.
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Introduction

T HE use of induced flow separation devices for blunt-body
drag reduction has proved effective in several practical

applications. Notable examples are the spike used on the
Trident ballistic missile1 and the various cab-mounted shields
found on large tractor-trailer trucks.2 Little has been done to
exploit this concept at transonic speeds, however. The present
work is intended partly to provide information on the aerody-
namic properties of flow separation devices at transonic
speeds in order to assess their potential in this flow regime.

This work has a broader and more fundamental purpose,
however, and that is to examine the fluid mechanic properties
of a cavitylike flowfield in the transonic regime. The geometry
in question is sketched in the inset of Fig. 1. It is composed of
a simple, flat-faced, circular cylinder (diameter d2) aligned
with the flow and in front of which is coaxially extended a
smaller-diameter flat-faced cylinder, known as the probe. The
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probe diameter d{ and length / can be varied. For relatively
short probes, there is a single separated zone between the
probe face and the cylinder face, whereas longer probes pro-
duce two separated zones in this region.3 These two situations
correspond to the open and closed modes, respectively, of a
cavity or cutout in a wall4 (see the inset of Fig. 3). The probe
length, which distinguishes the open from the closed mode, is
designated as the critical length /cr. Cavitylike flows are en-
countered in a wide variety of situations, and this study is in-
tended to explore one such situation found in drag reduction
schemes.

Experimental Details
In this presentation, measurements of drag coefficient CD

as a function of probe length, probe diameter, and freestream
Mach number will be used to calculate the flowfield character-
istics. The drag coefficient is based on the drag force acting on
the entire probe and cylinder minus the cylinder base drag.
The reference area is the cylinder cross-sectional area. No cor-
rections for blockage were made to the drag coefficient, and
its estimated accuracy is ± 0.02.

These measurements were obtained in the (now nonexistent)
1.83-m x 1.83-m supersonic wind tunnel at the NASA Ames
Research Center. The Mach number M ranged from 0.8 to
1.5, and the stagnation temperature and pressure were nomi-
nally atmospheric for the majority of the tests. The cylinder
had a diameter of 127 mm and was 889 mm long. Three probe
diameters were used giving diameter ratios dl/d2 of 0.248,
0.368, and 0.45. The smallest probe had a length ratio l/d2 up
to 3; the two larger probes had maximum l/d2 of 2. The results
to follow are representative examples for the smallest probe
diameter; a complete presentation for all diameters can be
found in Ref. 5.

Results and Discussion
Figure 1 demonstrates how CD varies with length ratio for

fixed Mach number. The trends for subsonic and supersonic
flow have qualitative similarities. The value of CD at very
short lengths is large and roughly proportional to the free-
stream stagnation pressure coefficient. Increasing length
brings about a rapid decrease in CD to a minimum value. The
subsonic minimum is broad and is followed by a gradual in-
crease to a plateau. The supersonic flow abruptly changes to a
higher drag level; the probe is too short to show the asymp-
totic behavior. Hysteresis (not unique to this experiment6) ap-
pears in the supersonic drag as the probe is subsequently
shortened; no subsonic hysteresis occurs. The magnitude of
the drag reduction due to the probe, as much as two-thirds of
the zero length drag, is significant enough to perhaps be of
practical value.

Insight into the fluid mechanic properties of this flow
system is provided by the alternate presentation of CD as a
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Fig. 1 Influence of probe length on drag coefficient,
= 0.248.


